We study the protection of subradiant states by the symmetry of the atomic distributions in the Dicke limit, in which collective Lamb shifts cannot be neglected. We find that anti-symmetric states are subradiant states for distributions with reflection symmetry. Continuous symmetry can also be used to achieve subradiance. This study is relevant to the problem of robust quantum memory with long storage time and fast readout.
We study the protection of subradiant states by the symmetry of the atomic distributions in the Dicke limit, in which collective Lamb shifts cannot be neglected. We find that anti-symmetric states are subradiant states for distributions with reflection symmetry. Continuous symmetry can also be used to achieve subradiance. This study is relevant to the problem of robust quantum memory with long storage time and fast readout.
Cooperative spontaneous emission (Dicke superradiance [1] ) and the cooperative vacuum induced levels shifts (Lamb shifts [2] ) are hot topics in quantum optics. For extended ensembles when the size of the atomic cloud is much larger than the wavelength, the directional emission [3, 4] and collective Lamb shift [5] of single photon superradiance [3, [6] [7] [8] [9] [10] [11] [12] [13] have attracted much interest. Recently it has been shown [14] that it is possible to use subradiance (the cooperative suppression of spontaneous emission [13] ) to store a photon in a small volume for many atomic lifetimes; and later switch the subradiant state to a superradiant state which emits a photon in a small fraction of an atomic lifetime. Such a process has potential applications in e.g., quantum informatics.
It has been proved that the distribution of the atoms (e.g., periodic or random) in an extended ensemble has a substantial effect on cooperative spontaneous emission [15] . However, the effect of the atomic distribution in the Dicke limit has been studied only a little. Since the distance between atoms is much smaller than the wavelength, one might guess that the distribution of atoms is not important. We here show that the collective Lamb shift cannot be neglected in general. However, by analyzing the relation between the symmetry of the atomic distribution and cooperative emission, we demonstrate the mitigation of the collective Lamb shift and the symmetry protected subradiance.
The N -atom sample (size much smaller compared to the transition wavelength λ) excited by a single photon can be described by the Dicke state
where
is the excited (ground) state of the jth atom. Since the size of atom is much smaller than the wavelength of the coupling field, we could use dipole approximation. It also allows us to distribute many atoms within one wavelength, which is called the Dicke limit. The probability amplitude of the state (1) decays at the rate Γ + = N γ where 2γ is the single atom population decay rate. In the "opposite" case, if we neglect Lamb shift, the single photon subradiance
does not decay, i.e., Γ − = 0 because of the destructive interference of the atomic transitions. However, when the cooperative Lamb shifts, i.e., the effects of emission and reabsorption of virtual photons, are counted in, it can degrade superradiance [5, 16, 17] . In single photon superradiance, this does not overwhelm the collective enhancement of spontaneous emission. Not so in the case of subradiance, the collective Lamb shift can now destroy the ability of the atoms to "store" light, i.e., the original subradiant states are not necessarily subradiant anymore. For random atomic distribution, since each atom "sees" different neighboring atoms, collective Lamb shift type fluctuation induced dephasing significantly degrades the destructive interference.
We first turn to a more detailed study of the lifetime of the |− state and the way in which collective Lamb shift type fluctuations influence the state evolution. Numerically calculated population decay of the anti-symmetric |− state with and without taking into account virtual transitions is compared in Fig.1 . The Dicke limit ensemble of 100 atoms are randomly distributed along a 1D line within 0.01λ, where λ is the atomic transition wavelength. Fig.1 shows that collective Lamb shifts Ω ij degrade subradiance of the state |− . Without Lamb shifts, |− is subradiant. Counting in the Lamb shifts, |− is composed by both superradiant and subradiant eigenstates. The components of the superradiant eigenstate decay fast, leaving slowly decaying subradiant components.
The simulation is performed in the basis of singlephoton eigenstate. The eigenstates decay exponentially, i.e., |ψ n (t) = j β j e −Λnt/ |j , with Λ n being the nth complex eigenvalue and β j being the probability amplitude to find atom j excited. The eigenvalue equations are [11, 18] 
γ, with k 0 the transition wave vector and r ij the distance between atoms i and j, is the collective Lamb shift, γ ij = sin(k0rij ) k0rij γ is the collective decay rate, and M ij = γδ ij +(iΩ ij +γ ij )(1−δ ij ) with δ ij the Kronecker delta function are the elements of the evolution matrix M. This result is based on a scalar radiation field, which can be regarded as the average effect of the vector field [19, 20] . We use scalar field throughout this paper for simplicity. Results for vector field are shown in Appendix A. There is no essential difference between the results of scalar and vector field. Numerically calculating all eigenvalues Λ n by diagonalization of the matrix M, we obtain |Ψ(t) = n c n e −Λnt |ψ n , here c n = ψ T n |Ψ(0) is the projection of initial state to the single-photon DickeLamb eigenstate, and ψ T n is the transpose of |ψ n (since the matrix M is symmetric instead of Hermitian).
The mitigation of the collective Lamb shifts by arranging the atom distribution in a ring has been found useful in maintaining superradiance [21] . If the atoms are distributed randomly, the transition frequencies of atoms are different due to the different environment of each atom, superradiance is destroyed. However, if they are arranged periodically on a ring, all atoms have the same environment and the superradiance is recovered. It sheds light on the importance of the symmetry of the atomic distribution.
Symmetry has long been investigated as a central feature of superradiance [4] . In Dicke's original paper [1] , it was noted that the most decaying excited state of the collective atomic distribution must be symmetric since the ground state is symmetric and the Hamiltonian preserves symmetry. The symmetry of the atomic distribution determines the symmetry of the eigenstates. For the sake of simplicity, we take 1D atomic distribution preserving reflection symmetry for example. We set z along the line of atoms and z = 0 as the middle point of the atomic ensemble. The mirror reflection operator π, which transforms z → −z, commutes with the matrix M for a periodic distribution of atoms, [M, π] = 0. A nondegenerate eigenstate of M is also an eigenstate of π [22] . N eigenstates of N atoms excited by a single photon are separated into two groups with opposite eigenvalues of π, i.e., N/2 symmetric and N/2 anti-symmetric states. In the Dicke limit, the ensemble size is much smaller than the transition wavelength. If we neglect the collective Lamb shifts Ω ij in Eq. (3), we obtain M ij = γ for all i and j. In this case the eigenvalues of M are Λ 1 = N γ and all others are equal to zero, i.e., there is one superradiant state and N − 1 subradiant states [20] . The superradiant eigenstate is the symmetric state |+ . Any state orthogonal to this state is subradiant, for example, the anti-symmetric state |− . With the presence of Ω ij , |− is not subradiant any more, as shown in Fig.1 .
We can recover the subradiant nature of |− state by rearranging atoms such that their distribution possesses reflection symmetry, i.e., z j = −z N +1−j and π † Mπ = M. In Fig.2(b) we plot the population decay for periodic distribution of atoms. The decay of |+ is enhanced compared with the case of random distribution, which is consistent with Ref. [21] . On the other hand, the decay of
To analyze the reason of this inhibition, we plot β j for the superradiant state |ψ 1 and for a subradiant state |ψ 2 in the inset of Fig.2(a) . It is clear that the state |ψ 1 is symmetric with respect to the center of the sample. There is only one superradiant state |ψ 1 with decay rate ∼ N γ, as shown in Fig.2(a) . The anti-symmetric state |− is orthogonal to the superradiant state |ψ 1 . Because of the Dicke limit, the superradiant state |ψ 1 shown in the inset of Fig.2(a) is similar to a uniform probability amplitude state |+ .
Since reflection symmetry is the key point in the above analysis, it is not necessary for atoms to be periodically distributed to make the |− state subradiant. In Fig.2(c) , we allow half of the atoms to be distributed randomly, but in reflection symmetry with the other half. The population decay of |− state is still substantially inhibited as shown in Fig.2(d) . This is because the superradiant state |ψ 1 for random atomic distribution is still symmetric and has no overlap with the |− state.
Generally, in the Dicke limit, we have one superradiant and N − 1 subradiant eigenstates. Atomic distribution determines the symmetry of the superradiant state. By preparing atoms in an orthogonal state to this superradiant eigenstate, we can reach subradiance and store the photon. To release the photon, we can coherently change the state to have the same symmetry as the superradiant eigenstate and achieve a rapid readout [14] .
We could achieve subradiance in extended sample as well. For an extended spherical sample, we find [14] approximately decay rates Γ − is important. It seems like for the |− k0 state, the single atom spontaneous decay rate is a lower decay limit for an extended sample. The good news however is that the collective spontaneous decay can also be mitigated by the spatial symmetry of the atomic distribution. In order to calculate the the evolution of atomic system of a dense cloud of volume V , we use equation with exponential kernel [10] 
where β(t, r) is the probability amplitude to find atom at position r excited at time t, n(r) is the atomic density. Eq. (4) is valid in Markovian (local) approximation and is the continuous limit of Eq.(3). Eigenfunctions of Eq. (4) are β(t, r) = e −Λt β(r) and the eigenvalues Λ determine the evolution of the atomic system. Re(Λ) yields the state decay rate, while Im(Λ) describes frequency (Lamb) shift of the collective excitation. The eigenfunction equation for β(r) reads
We consider an infinitely long cylindrical shell of radius R and use cylindrical coordinates r = (ρ, ϕ, z). The atomic density is n(r) = n 0 δ(ρ − R)/2πR, where n 0 is the number of atoms per unit length of the cylinder. For such geometry Eq. (5) reads
We look for solution of Eq.(6) in the form
where n is an integer number and k z is the wave number of the mode along the cylindrical axis z. Substituting Eq. (7) in Eq. (6) we obtain the following equation for eigenvalues Λ n
Integrating over z ′ can be done by using the integral 
(10) The integration over ϕ ′ can be calculated using
and Eq.(10) leads to Hankel functions can be written as a combination of the Bessel functions of the first and the second kind as
which yields the following answer for the real and imaginary parts of the eigenvalues Λ n for k z ≤ k 0
Eq. (14) shows that timed-Dicke state (n = 0 and k z = k 0 ) β(ϕ, z) = e ik0z has the fastest decay rate Re(Λ TD ) = πγn 0 /k 0 . However, collective Lamb shift for such state logarithmically diverges since Y 0 (x) ≈ (2/π) ln(x/2) for small x. For the states with R k 2 0 − k 2 z = A nl where A nl is lth zero of the Bessel function J n (x), such as the state β n,kz (ϕ,
2 )z e inϕ , the decay rate and the collective Lamb shift vanish. In Fig.3 , we compare the decay of axially symmetric atomic states for continuous and discrete distribution of atoms on cylindrical surface. Namely, we plot the average decay rateΓ = −γ ln P (1/γ) of the state β 0,kz (φ, z) = e ikzz , where P (t) is the probability to find atoms excited, as a function of R k 2 0 − k 2 z − A 01 , where A 01 = 2.404 is the first zero of J 0 (x). The average decay rate approaches zero when R k 2 0 − k 2 z = A 01 for a discrete periodic atomic distribution shown in Fig.3 . This agrees with the analytical result in the continuous limit in Eq. (14) plotted as a dashed line. Cylindrical atomic distribution can be achieved, e.g., by adhering nano diamond with NV centers or SiV centers on a carbon tube.
In summary, we demonstrate that the collective Lamb shifts that are usually thought to destroy subradiance can be mitigated by symmetry. For atomic distributions with mirror symmetry (a discrete symmetry), the antisymmetry states are subradiant, even when half of the atoms are randomly distributed as long as the mirror symmetry is maintained. Periodic distribution with intrinsic mirror symmetry can be realized in ion traps and the subradiant anti-symmetry states can be prepared by specially tailored anti-symmetric optical modes. In addition, continuous symmetry can also be used to realize subradiance.
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